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Abstract—A single-fluid theory for the laminar flow of a plasma in the field-free region of a circular tube
has been formulated and solved numerically. Through subsequent parametric studies, friction factor and
Nusselt number correlations have been obtained in terms of independent parameters evaluated both
locally and at the tube entrance. From a consideration of entrance and nonequilibrium effects, as well as
from a comparison of the computed wall parameters with available data, it is concluded that general wall
parameter correlations, such as apply for low and moderate temperature flows, cannot be obtained
for field-free, plasma flows. Whether these correlations are developed from numerical or experimental
considerations, they are so closely connected to geometric and entrance effects so as to have little or no
general applicability.

NOMENCLATURE Nu,, Nusselt number defined in terms of

s dimensionless specific heat, c,/c,, ,; the temperature potential at the
D, tube diameter ; tube entrance, q,, D/k(T,, — T,)o;
Db » ordinary ambipolar diffusion co- p, static pressure ;

efficient ; P, pressure defect, (p, — p)/(p,u7);
Dr,, thermal ambipolar diffusion co- Pr,, Prandtl number evaluated at refer-

efficient ; ence conditions, ¢, u,/k, ;
§A friction factor; Pg, plasma radiation ;
ht, dimensionless enthalpy, h/c, ,T;; Pg, dimensionless plasma radiation,
k, Boltzmann constant; 2riPg/k,T,;
my, neutral atom mass; Qs wall convective heat flux ;
M, Mach number, u,/(y,RT)*; q°, dimensionless heat flux, roq,,/k,T; ;
n, particle number density ; r, radial coordinate;
NMAX, number of radial mesh points used Tos tube radius;

in the numerical solution ;

Nusselt number defined in terms
of the local temperature potential,
qu/km(Tw - Tm)a

Nusselt number defined in terms
of the local enthalpy potential,
qucp,m/km(hw - hm)’

dimensionless radius, r/r,;

gas constant ;

local Reynolds number,

oWt o/t 5

a geometrical parameter used in
the Skrivan and Von Jaskowsky
correlation, equation (21);

T, temperature ;
T Present address: Division of Naval Reactors, Atomic Lo reduced temperature, (T, — T)/
Energy Commission, Washington, D.C. (T, - T.,);

1641

]



1642
u, axial velocity component ;
r
Uy, average axial velocity, {ur* dr*;
0

ut, dimensionless axial velocity com-
ponent, u/u,;

Uyeds reduced velocity, u/u,,;

v, radial velocity component ;

vt dimensionless radial velocity,
(Re,Prv)/u, ;

v, species diffusion velocity ;

X, axial coordinate;

x™, dimensionless axial coordinate,
x/(roRe,Pr,);

X, dimensionless axial length, In(x/D).

Greek symbols

7, ratio of specific heats;

pr, dimensionless mass density, p/p, ;

ut, dimensionless viscosity, u/i, ;

At dimensionless thermal conducti-
vity, A/4,;

Aps the reactive component of the
thermal conductivity ;

Typs wall shear stress;

T, dimensionless wall shear stress,
Ter/ Hu,.

Subscripts

A, refers to a neutral atom;

e, refers to an electron ;

Js general species designation;

m, properties evaluated at the tem-
perature corresponding to the local
mixed mean enthalpy;

0, properties or conditions at the tube
entrance;

T, conditions and properties evaluated
at the arbitrarily selected reference
temperature, T, = 14000°K, and
velocity, u, = 30000 cm/s;

w, conditions at the tube wall.

INTRODUCTION

For SEVERAL decades, there has been con-
siderable interest in the thermal and hydro-
dynamic characteristics of internal fluid flows.
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In particular, knowledge of the heat transfer
and shear force at the constraining wall has been
important to those concerned with the design
of internal flow devices. These quantities are
frequently expressed in dimensionless form as
the Nusselt number and friction factor, the so-
called wall parameters. To facilitate design
calculations, much of the effort in this area has
been directed towards obtaining general, alge-
braic correlations for the wall parameters in
terms of appropriate independent parameters.
Numerous correlations which have been de-
veloped for low and moderate temperature
flows are discussed by Kays [1].

In recent years, a great deal of interest in
the internal flow of high temperature plasmas
has evolved from the present or anticipated
development of thermonuclear reactors, mag-
neto-gasdynamic energy conversion systems,
and supersonic wind tunnels. Plasma internal
flows are also used in space vehicle propulsion
systems and in several chemical synthesis
processes. It is this latter application in particular
which has motivated recent studies of field-free
plasma flows [2, 3]f. Typically, such a flow
condition is produced by passing a gas parallel
to a wall-stabilized arc, from whence it emerges
as a high temperature plasma (Fig. 1). Flow in the
field-free region is subsequently dominated by
convective and radiative cooling to the tube wall.

Since an understanding of wall friction and
heat transfer effects is desirable for further
developments in the area of plasma propulsion
and chemical synthesis, several investigators
have attempted to extend to the field-free flow
of a plasma the wall parameter correlations
which have been successfully used in the
description of relatively low temperature flows
[4-9]. In mounting a calorimeter downstream
of a constricted tube arc, Cann [4, 5] was able
to correlate the Nusselt number in terms of the
Reynolds number for argon, helium, ammonia

+ The term *“field-free” is used to designate those plasma
flows characterized by the absence of external electric or
magnetic fields (in contrast to flows which characterize
systems such as constricted arcs or J x B devices).
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and hydrogen plasmas. For the most part the
heat transfer measurements used to obtain
the correlations were large-scale averages taken

(2
Water - cooled il . Field-free
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F1G. 1. Schematic of the tube flow physical model.

Cathode

with a calorimeter length-to-diameter ratio of
approximately 8. Similar measurements were
made by Wethren and Brodkey [6], who
attempted to correlate the Nusselt number in
terms of the Graetz number and the friction
factor in terms of the Reynolds number for a
helium plasma. Skrivan and Von Jaskowsky [7]
and Johnson [8] both made heat transfer mea-
surements using a tube comprised of stacked,
individually water-cooled segments, each having
a length-to-diameter ratio of approximately 1.
Hence, they were able to obtain Nusselt number
correlations in terms of the axial location for
argon, helium, nitrogen and hydrogen. In
contrast to the aforementioned experimental
investigations, Incropera and Leppert [9] com-
puted the field-free plasma flow characteristics
using numerical procedures. In their study, no
effort was made to obtain suitable wall parameter
correlations or to compare the computed
results with experiment.

The objectives of this study were twofold.
Using finite-difference methods in conjunction
with an equilibrium flow model, parametric
studies were performed to obtain suitable
correlations for the friction factor and Nusselt
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number in terms of appropriate independent
flow parameters. The availability of such corre-
lations for field-free plasma flows is particularly
desirable, since these flows do not readily lend
themselves to treatment using “simplified
theories”, such as those which have been
proposed for the asymptotic arc heating region
[10]. In the absence of a simplified flow de-
scription, one must therefore resort either to a
detailed numerical solution or to available
correlations. Since the use of detailed numerical
procedures to treat each parameter change of
interest is undesirable, there is an obvious need
for general correlations.

The correlations obtained in this study apply
for the undeveloped flow of an argon plasma
in a field-free region. Argon was chosen because
of the considerable effort which has been ex-
pended in recent years to determine its trans-
port properties. Since these properties are now
known with considerable accuracy, wall friction
and heat transfer may be obtained numerically
with some precision.

The second objective is to provide a critical
examination of the wall parameter correlations
obtained in this and other studies. From the
consideration of tube entrance effects and a
comparison of the numerical results with avail-
able experimental results, several important
conclusionsare derived concerning the generality
and utility of the available correlations.

FLOW MODEL AND SOLUTION
The flow model adopted for this study is
similar to that used previously [9], and, when
written in terms of dimensionless variables,
the governing equations are

1 0
(p"u’) + r—+5r—+‘("+P+U+) =0 (1)

ou*
U+ F)

1 0
Pr,r—;a—ﬁ—(r

ox*

ou”*
p+ <u+ a—xT +
_ap
T dx*

ou*t
+2 Tut 5r—+> )
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¥ 7+'a;+<r 7;%)‘ Pr-

In addition the thermal and caloric equations
of state are used, and boundary conditions are
specified which are consistent with the assump-
tions of rotational symmetry and zero slip and
constant temperature at the wall. The flow is
considered to be laminar, and the standard
boundary-layer approximations are assumed
to apply. Special note should be taken of the
fact that this model comprises a single-fluid
description of the flow, thereby implying the
existence of thermal equilibrium. In light of
recent developments [11-13], there is reason
to believe that this condition is not satisfied
in spatial domains dominated by appreciable
plasma cooling effects. The validity of this
assumption in the region of the field-free flow
directly adjacent to the tube wall is therefore
questionable. In this region significant depar-
tures from equipartition of translational energy
may occur. The influence of this nonequilibrium
condition on wall friction and heat transfer
will be discussed later in this report.

It should be noted that diffusion and re-
combination effects are included in the flow
model of this study. Due to the appreciable
concentration gradients, there will be significant
diffusion of ion-electron pairs from the hot
plasma core into the cooler regions adjacent to
the tube wall. In addition recombination of
these pairs into neutral atoms will occur, result-
ing in the release of the associated ionization
energy. Both the diffusion and recombination
effects have been included in the model in the
manner suggested by Meador and Staton [14].
Briefly, the thermal conductivity for the reacting
mixture is written as the sum of a translational
component and a reactive component.

A=A, + A (4)
The diffusion term, Zh ;p;V;. which appears in

3)

J
the expression for the heat flux and includes the
recombination energy (h; includes the chemical
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enthalpy), is replaced by the term, — Az 0T /0r,
through appropriate use of the law of mass
action and van’t Hoff’s equation. The resulting
expression for the reactive component of the
thermal conductivity is

nm, nn -
Ao = _.A__.__e_A_D
R {Zsz n, +n, Ah +

T
D“;}AE (5)

My

where AF is the species enthalpy difference per
particle. This expression accounts for the diffu-
sion of electron-ion recombination energy and
includes the contributions due to ordinary and
thermal ambipolar diffusion. It should also be
noted that the inclusion of recombination effects
is done subject to the assumption of chemical
equilibrium. Therefore, in the presence of non-
equilibrium effects, such as are expected near
the wall, the above model does not provide an
accurate account of recombination effects.

An extensive literature search was conducted
to determine the best available transport co-
efficients for argon. From a comparison of the
results of numerous analytical and experimental
studies, those by Devoto [15] appeared to be
most accurate. In using a Chapman-Enskog
solution to the Boltzmann equation, Devoto
computed the thermal conductivity and vis-
cosity to the fourth and second approximation.
respectively, retained (1) terms in the use of
charged particle collision cross sections, and in
general was meticulous in his selection of
available cross section data. Devoto [16] has
estimated that his results for viscosity and ther-
mal conductivity are accurate to within 515 per
cent over the temperature range of interest in
this study (5000 < T < 19000°K). The thermo-
dynamic properties are those computed by
Drellishak, Knopp and Cambel [17], and the
dependence of plasma radiation on temperature
is obtained from the resuits due to Evans and
Tankin [18], who accounted for both ultra-
violet radiation and self-absorption effects.

The flow profiles are obtained from a solution
of the governing equations using finite-difference
methods discussed previously [9]. The numerical
scheme has been made to exhibit the desired
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stability and convergence characteristics.
Typical velocity and temperature profiles are
shown in the three-dimensional plots of Figs. 2
and 3. The results are plotted in terms of the
reduced velocity and temperature for the ex-
treme conditions of this study, and they illustrate
a strong tendency for the profiles to approach a
fully developed condition.

Special care was taken in the choice of methods
to compute the wall shear stress and heat
transfer. Originally, a variety of slope techniques
was used to evaluate the gradients in velocity
and enthalpy at the tube wall. However, the
results obtained from these methods were
found to be extremely sensitive to the radial
mesh size, despite the fact that the velocity or
enthalpy at a particular mesh point differed by
less than 2 per cent for a fourfold change in the

Argon gas
p=latm.

Argon gas
p=1atm.
Re, 0=1500
7.0 =14,000 °K

m0

2:46

Fi1G. 2. Three-dimensional plots of the reduced axial velocity
for extreme values of the entrance parameters.

Argon gas
p=1aim.
Re_ =100
T, 6000 °K

Argon gas
p=tatm.

Re,, 01500

Tpm,o 214,000 °K

F1G. 3. Three-dimensional plots of the reduced temperature
for extreme values of the entrance parameters.

radial mesh size. To circumvent this difficulty,
the wall shear .stress and heat transfer were
computed using momentum and energy con-
servation equations, respectively. These ex-
pressions were obtained by integrating the
appropriate partial differential equation from
r* =0 to r* =1 in the transverse direction
and from x* to x* + Ax* in the axial direction.
In dimensionless form, the equations are

— 1 +o, 2.+ .t
s (o)

_dpwﬁd#) |

° x
1 (P

4PrAx* " %"

T:+ +Ax*

- Px++Ax+) (6)
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0

The results obtained using a cubic wall slope
technique and the above conservation equations
are shown in Figs. 4 and 5. Whereas the friction
factor and the Nusselt number results obtained
from the momentum and energy balance tech-
niques, respectively, are independent of the
number of radial mesh points (NMAX), the
same quantities are extremely sensitive to mesh
size when computed using the wall slope method.
It is encouraging to find that the results obtained
from the slope technique approach those ob-
tained from the balance method in the limit as
the number of radial mesh points becomes large.
The sharp decreases in the wall parameters which
occur at x* equal to 0-001 and 0-01 are due to
changes in the radial mesh size imposed on the
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numerical solution at these points. Positive
proof of both the suitability of the conservation
method and the convergence of the numerical
scheme was demonstrated when the results
obtained from their application were found to
corroborate the friction factor data of Runstadier
[19] to within 5 per cent for the asymptotic
region of a constricted arc [20].

Before equations (1)-(3) were used to compute
the flow field, it was necessary to select appropri-
ate forms of the entrance velocity and enthalpy
profiles. Therefore, as a first step in considering
the generality of the desired correlations, cal-
culations were performed to determine the
effect of a change in the entrance profiles on the
wall parameters. Four distinct entrance profile
shapes were considered, the linear, parabolic,
and cubic profiles, as well as profiles which are
representative of conditions in the asymptotic
region of a constricted arc. The arc-region
profiles were determined by Bower [20] using
a numerical scheme similar to that used in
this study. It is apparent from the results of
this study (Figs. 6 and 7) that the Nusselt
number and friction factor are very sensitive to
the form of the entrance enthalpy and velocity
profiles, respectively, over a distance of up to
six tube diameters from the entrance. The
obvious conclusion is that any correlation which
one might propose, whether it be predicated
upon experimental or numerical data, is depen-
dent upon the flow conditions at the exit plane
of the device used to produce the field-free flow.
This is a result which one must certainly be
cognizant of, either in using an existing cor-
relation or in presenting a new correlation.

Fortunately, the field-free conditions of in-
terest in this study can only be produced using
a constricted arc facility. In addition, since a
frequent design objective is to maximize the
mixed mean enthalpy at the entrance to the
field-free region, the arc region will most
likely be extended to insure the existence of an
asymptotic condition. In contrast, there is
little physical basis for using the linear or
parabolic entrance profiles. On the basis of
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FiG. 4. Comparison of Nu,, vs. x * for the wall slope and energy
balance methods of computing wall heat transfer.
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F1G. 5. Comparison of f. Re,, vs. x* for the wall slope and
momentum balance methods of computing wall shear stress.

measurements performed in free plasma jets
[21], it appears that the use of cubic profiles
would be appropriate if the flow were expanded
in passing from the arc to the field-free region.
The correlations developed in this study are
based upon numerical data obtained using
entrance profiles characteristic of conditions
in the asymptotic arc region.

WALL PARAMETER CORRELATIONS BASED
ON THE NUMERICAL DATA

In order to obtain sufficient wall parameter
data for use in determining the correlations,
the plasma tube flow calculations were per-
formed for a wide range of entrance conditions.
Calculations were performed for entrance Rey-
nolds numbers, Re,, o, of 100, 150, 200, 250, 300,
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F1G. 6. The effect of entrance enthalpy profile on Nusselt
number.

700, 1000 and 1500; for each of these Reynolds
numbers, the flow was determined for entrance
mixed mean temperatures, T, ,, of 6000, 7000,
8000, 10000, 12000 and 14000°K. The wall
temperature was maintained at 370°K, and each
solution was carried out to an axial location
corresponding to x* = 03971 (x = 58-8 cm).
Wallparameters werecomputedat 22 intervening

locations, thereby providing a total of 1046
conditions for use in generating the correlations.

Since the field-free plasma flow is character-
ized by property values which vary by at least
an order of magnitude over the tube cross
section, it is perhaps unreasonable to expect
wall parameter correlations in terms of the
conventional dimensionless parameters. As a

R e
= T T 7 i
: _ / - e e
" " "_/_.—::** -7 /
O
é’ Argon gas L
~ 0% |- Re, o =200
C Tmeo =10,000°K
i Parabolic entrance enthalpy profile e
L. Form of entrance velocity profile
- ————— Linear /
| ——-— Parabolic
——=-— Cubic
I~ Asymptotic arc region
o | ] i I
io™* 07 1072 107
x+

Fic. 7. The effect of entrance velocity profile on friction
factor.
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first attempt, however, such correlations were
sought. In addition to computing f. Re,,, Re,,
Gz, and T,/T, at appropriate axial locations,
a total of ten different Nusselt numbers was
determined. The definition of the Nusselt
numbers varied with the use of an enthalpy
potential or a temperature potential, properties
evaluated at the wall temperature or the mixed
mean temperature, and the use of local or axial
average conditions. The Nusselt numbers which
were finally selected are those which were most
easily correlated. Since the Prandtl number is
not a particularly sensitive parameter, it was
not used to correlate the numerical data.

Two types of correlations were sought for the
friction factor and the various Nusselt numbers.
The first type is common to the heat-transfer
literature and is simply a correlation of the
dependent parameters in terms of the local
Reynolds number and the mean-to-wall tem-
perature ratio, henceforth to be referred to
simply as the temperature ratio. The second type
was thought to be of conmsiderable utility to
designers working with internal plasma flows
and involves a correlation of the wall parameters
in terms of the entrance Reynolds number and
temperature ratio and the axial location. Fre-
quently, these entrance conditions may readily
be determined from knowledge of the mass flow
rate and the application of a simple energy
balance to the arc constrictor.

Upon accumulation of the numerical data,
the desired correlations were determined in a
systematic fashion. Two different methods were
used, one which is termed the matrix method
and the other the variational method. Briefly,
to illustrate these techniques, consider a correla-
tion of the form

Nu = Dx**Reb, (T/T.) ®)

where a, b, ¢ and D are, as yet, undetermined
constants. In taking the logarithm of both sides,
there results

InNu=InD+alnx* + binRe,,

+¢I(T/T)o. (9
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From the numerical solutions, there are gene-
rated a large number, M, of Nusselt numbers
and corresponding values of x*, Re, , and
(T,,/T,)o- The resulting equations may be written
in matrix form as

B = AX (10)
where
In (Nu),
In (Nu)z
B= ' (11)
In (Nu)yq
lIn(x*), In(Re,, o); I(T,/T,)o.
1In(x*), In(Re,, o), In(T,,/T.),.
Y (12)
11n(x " )yg In(Rep, ol 10(T,/ Yo, o
InD
x=| | (13)
C

A special subroutine is then used to invert the
matrix equation and to solve for X. In effect,
the subroutine solves a linear least squares
problem in which the Fuclidian norm of B-AX
is minimized.

The second method requires that two of the
independent parameters in equation (8) be
held constant while the third is varied over the
range of interest. The dependent parameter is
then plotted as a function of the independent
parameter on a log-log scale, and the exponent
of the independent parameter is determined
from the slope of the plot. This procedure is
used for each of the three independent para-
meters to obtain values of a, b and ¢. The co-
efficient D is then determined by solving (8)
for all of the appropriate numerical data and
selecting a particular value or function which
minimizes the dispersion in the computed
results. All of the scanning, calculating and
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plotting which pertain to the application of the
variational method is done on the computer.
Correlations of the Nusselt number in terms
of the local Reynolds number and the tempera-
ture ratio were attempted for several different
Nusselt numbers using the matrix approach.
The most successful correlation was obtained
for a Nusselt number, Nu,, defined in terms of
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thermodynamic and transport properties be-
comes appreciable at this point. Note also that
the value of the Nusselt number in the low
temperature range is very close to the value of
3:66 which pertains to constant property flow
characterized by fully-developed velocity and
temperature profiles. The expressions given by
(14) correlate 80 per cent of the numerical data

Ny,

~ Argon gas

p=tatm

To = 370°K
Re,,= 100
Ren= 300

A FRe.= 700

A Re, =1000
o Re, =500

°

/?f,,= 1500 —— -—

Nu, =1807 Re,° T, /T,y ¥ l

!

|
i
|
{
e, P 1
Re,= 300 — i
e m=TOO — - 3y i

|

I

il

Rens1000— "

o

‘OI

7,17,

m

F1G. 8. Correlation for Nusselt number, Nu,, in terms of
local Reynolds number and mean-to-wall temperature
ratio.

themean thermal conductivity and a temperature
potential.

Nu, = 380;(T/T,) < 18
Nu, = 1807 R (T,/T,)~233; (14)

18 < (T,/T,) < 378.

Selected numerical data and the correlation
expressed by (14) are plotted in Fig. 8. The
important features to note are that the Nusselt
number is, to an excellent approximation,
independent of Reynolds number and tem-
perature ratio for (T,,/T,) < 18. The significant
change in the form of the correlation which
occurs at a temperature ratio of 18 is due to the
fact that the influence of ionization on the

to within 10 per cent and all of the data to
within 30 per cent.

A similar study resulted in a suitable cor-
relation for the Nusselt number, Nu,, defined in
terms of the mean thermal conductivity and an
enthalpy potential.

Nu, = 3-80;(T,/T,) < 18
Nu, = 1-65Re® 115 (T,/T,)* 07
18 < (T,/T,) < 37.8.

For (T,/T,) < 18, Nu,is also approximately
equal to 3-80, however in the high temperature
region, this Nusselt number is now only weakly
dependent upon the temperature ratio. Again,
equation (15) correlates the numerical data to
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within 30 per cent and reflects a weak depend-
ence on the Reynolds number.

Difficulties were experienced in atiempting
a similar correlation for the friction factor—
Reynoids number product. The following ex-
pression was obtained from the matrix method

f* Re, = 11-3(T,/T,) %2 (16)

however, as shown in Fig. 9, the correlation is
only adequate for (T,/T,) < 15. All efforts to
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is obtained
N uz =
R0y +[0-331 = 0-028(Tm/Twio+0-00054(Tm/ T8
4-59x (19)

RO 0128 (T /T, )5 00826,

TT IR, e W

A comparison of the above correlations with
the numerical results is shown in Fig. 10 for
three sets of entrance parameters, and in general
the results are unsatisfactory. Under conditions
of high entrance temperature and Reynolds

2x%10'

Ao,

L 3

Argon gas

p=1atm.
7, =370 °K

a Re, =100

o Re, =300

4 Re, =700
A Re, =1000
& R, =1500

f Re,,
lTIll[

T

T

f Re, =t43 (T,/7,17°2
. /
o' — ./

Dby °
iR SURY S

Lodednd ] 1 ) J I N U SO

2% 10° 1 ) 1 1

1X10' 10?

T /7y
FiG. 9. Correlation for friction factor-Reynolds number
product in terms of the local mean-to-wall temperature

ratio.

explain the erratic, high-temperature behavior
in terms of the local Reynolds number and
temperature ratio have been unsuccessful.

A consideration of entrance parameter cor-
relations revealed that Nu, is the Nusselt number
definition which is most amenable to this type
of correlation. By application of the variational
method to the numerical data, the following
expression is obtained

Nu, = 35x** ReQ Q8 (T,/T, )5 **°
where

oot fi _ (T — 162
b_OOI{l e } (18)

an

In addition, by application of the matrix method
to the numerical data, the following correlation

number, both equations (17) and (19) under-
predict the numerical data by as much as 100 per
cent near the tube entrance. In addition, both
correlations fail to reflect the characteristic
Nusselt number development for moderate
to high values of T, , and Re, , (the sharp
decrease in Nu, at the entrance followed by a
minimum and a gradual rise to some value
close to the value for constant-property, fully
developed flow). The correlation given by (17)
also represents the numerical results poorly
at points far downstream from the entrance,
where typically the latter is overpredicted by
as much as 45 per cent. If an entrance para-
meter correlation must be used, equation (19)
is preferable, however, in general, the correla-
lations given in terms of the local parameters (14)
and (15) are felt to be superior.
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COMPARISON OF THE EQUILIBRIUM
FLOW CORRELATIONS WITH
EXPERIMENTAL DATA

In this section the correlations derived from
the numerical data are compared with the
experimental results of other investigators.
Although all of the measurements fail to deline-
ate between radiative and convective contribu-
tions to the wall heat flux and some are large-
scale averages, such comparisons will aid in
determining the appropriateness of wall para-
meter correlations and in suggesting the kind of
experimental study which might lead to further
clarification.

Cann [4] performed heat transfer measure-
ments using a flow configuration much like the
one considered in this study. Successive 2 in.
long, water-cooled cylinders were mounted
down-stream of the arc and used as calorimeters
to measure an axial average wall heat flux.
Measurements were made using both argon and
helium with mixed mean temperatures as high

as 10500°K and an estimated experimental
uncertainty of 10 per cent. Unfortunately,
Cann reports that an axial magnetic field of
approximately 1000 Gauss was necessary to
stabilize the arc. Although Cann [4] and
Raelson [22] indicate that such a field has a
negligible effect on wall heat transfer, recent
measurements by Yuen [23] showthattheJ x B
force resulting from the application of a magnetic
field acts as a destabilizing mechanism. Hence,
itis possible that the resulting helical instabilities
could have an important effect on heat transfer.

Since Cann presented his heat-transfer data
in terms of the Nusselt number, Nu,, a rough
comparison with equation (15) is possible (Fig.
11). Despite the fact that there is a sharp contrast
between the suggested Reynolds number de-
pendency, the general agreement in magnitudes
is good. In addition, the fact that Cann was
able to discern no effect of the mean gas tem-
perature on Nu, is consistent with the numerical
correlation which assigns a small role to this
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F1G. 11. Comparison of the wall parameter correlation (15)
with the experimental results of Cann [4].

quantity only at moderate and high tempera-
tures. Further comparison of these results should
be viewed with caution due to the uncertainty
concerning the aforementioned instability. How-
ever, it should be noted that the experimental
results for argon and helium are virtually
identical, implying that wall parameter correla-
tions obtained for one monatomic gas are
applicable to a different monatomic gas. In
considering the wall heat transfer from H,
and NH, plasmas [5], however, it was found that
the correlations do not apply to diatomic or
polyatomic gases.

Wethren and Brodkey [6] also used an
experimental configuration, much like the one
considered in this study, to measure the wall
shear and heat-transfer characteristics of a
helium plasma. Although the heat-transfer
measurements are presented in terms of Nu,,
the considerable scatter in their data precludes a
direct comparison with equation (14). However,
it is of interest to note that, with but two
exceptions, the more than 100 data points
obtained fall in the Nusselt number range be-
tween 0-8 and 8. In fact, the majority of the
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heat-transfer data is in the Nusselt number
range between 2 and 4. The close proximity of
these results to the constant property value
for fully developed flows, Nu; = 3-66, is con-
sistent with the numerical results of this study
and the conclusions of Eckert [24]. In addition,
the friction factor data, although also subject to
considerable scatter, are clustered about the
isothermal condition, f - Re,, = 16, a result which
is also consistent with the numerical data of
this study. Both the numerical and experimental
wall parameter results therefore sustain the
conclusion derived from Figs. 2 and 3, that is,
the field-free plasma flow readily attains a fully
developed condition.

Because of their use of large-scale calorimeters,
Cann [4, 5] and Wethren and Brodkey [6] were
unable to obtain experimental correlations for
the wall parameters in terms of the axial co-
ordinate. However, more localized measure-
ments were made by Skrivan and Von Jaskowsky
[7]1 and Johnson, Choksi and Eubank [8],
and in both cases correlations were attempted
in terms of the axial coordinate. Each investiga-
tion used a tube comprised of stacked, water-
cooled segments. The Skrivan apparatus was
used to provide a tube total length-to-diameter
ratio as high as 38, whereas the Johnson arrange-
ment provided amaximum L/D ofapproximately
6. A unique feature of this experimental work is
that, in both cases, the constant diameter field-
free region is immediately preceded by a
transition section in which the plasma flow is
expanded. In one study [7], the plasma from
the arc passes through a converging-diverging
nozzle, and in the other investigation [8],
the gas undergoes an abrupt step expansion
upon entering the field-free region. This feature
is particularly important since the expansion of a
plasma flow is known to provide an inflection
point in the profiles [21]. The experimental
devices used in the above studies are therefore
most likely characterized by cubic velocity and
enthalpy profiles at the tube entrance, profiles
which are therefore not compatible with those
used in the numerical solution. This consider-
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ation, plus the likelihood of flow recirculation
effects at the tube entrance of the stepped device,
is highly relevant to any comparisons which
might be made.

Skrivan and Von Jaskowsky {7] define a
Nusselt number, Nu,, in terms of a local heat
flux and mean thermal conductivity and a
fixed temperature potential which is evaluated
at the tube entrance. From consideration of A,
N, and H, plasmas, they arrive at the following
correlation for Nu; in terms of the axial
position and the entrance Reynolds number and
mean-to-wall thermal conductivity ratio

—1-67 0-4
Nuy = 0:0095 Ret2s (X2 )" (20)
D k),

The quantity s is a geometrical parameter
needed to correlate the data; a value of 0-121 ft
was used for calculations performed in this
study. Similarly, Johnson [8] obtained a correla-
tion for Nu, from measurements performed on
He, A and N, plasmas. Unlike the Skrivan
results, the constants appearing in the Johnson
correlation depend upon the type of gas. For
argon, the following expression was found to be
appropriate

Nu,; = 77 {exp (—0-818 x* + 0-764 x)}

-1-50
xReg'W(&"—) .o

Hy

Note that, in both experimental studies, the
mixed mean temperature at the tube entrance
was never in excess of 7000°K, in which case
the radiative contribution to the wall heat flux
is negligible.

Due to the extreme differences between the
flow configuration considered in this study and
the experimental arrangements used by Skrivan
and Johnson, a systematic comparison of the
corresponding results is most difficult. However,
if for no other reason that to provide further
substance to the premise than general wall-
parameter correlations are nonexistent, such a
comparison was made for extreme values of the
entrance parameters.

In Fig. 12 the comparison is made for values
of the entrance Reynolds number and mean
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temperature characteristic of the experimental
studies. The large disparity in the three sets of
resultsisreadily apparent. The difference between
the Skrivan correlation and the results of the
equilibrium theory are most likely attributed
to the existence of different entrance tempera-
ture profiles and/or the existence of non-
equilibrium effects. The fact that the Skrivan
correlation underpredicts the numerical data is
consistent with the results of Fig. 6, which reflect
a reduction in Nusselt number in passing from
the asymptotic arc region profile used in the
numerical study to the cubic profile which
characterizes the experimental system. However,
the fact that the difference between the Skrivan
correlation and the numerical results increases
with axial position contradicts the results of
Fig. 6. A possible explanation may be obtained
from consideration of non-equilibrium effects.
Both Bahadori and Soo [11] and Jacobs and
Grey [12] show that departures from equi-
partition of translational energy occur in regions
of intense plasma cooling. In particular the
amount by which the electron temperature
exceeds the heavy-particle temperature is shown
to increase with both increasing radial and
axial position, such behavior being attributed
to the “freezing” of the electron temperature
at approximately S000°K while the heavy
particle temperature continues to decay.
Bahadori and Soo also use a semi-empirical
method toshowthatthenon-equilibrium thermal
conductivity exceeds the equilibrium value by
an appreciable amount with no apparent effect
on the Nusselt number. In addition, Powers [25]
applied both multi- and single-fluid theories to
the prediction of wall heat transfer for a Couette
flow and found that the aforementioned non-
equilibrium effects act to reduce the wall heat
transfer. Hence, it would appear that a Nusselt
number based upon an experimentally deter-
mined wall heat transfer and an equilibrium
thermal conductivity must be less than that
computed exclusively from an equilibrium
theory. This conclusion is verified from a
comparison of the numerical data with the
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Skrivan correlation in Fig. 12; that is, if the
departure from equilibrium becomes more
pronounced with increasing axial location and
if this departure reduces the total wall heat
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applicable outside the limited spatial region for
which it was obtained. In addition, the fact that
the correlation provides results which differ
considerably from the numerical data and the
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F16. 12. Comparison of the Skrivan and Von Jaskowsky 7]
and Johnson et al. [8] experimental correlations with the
numerical data for Re, , = 300 and T,, , = 6000°K.

transfer, then the difference between the results
computed from an equilibrium theory and
obtained experimentally should increase in
the axial direction. To clarify this matter, a
comparison should be made between numerical
and experimental results characterized by the
same entrance profiles.

The Johnson correlation shown in Fig. 12
is only representative of the experimental data
for 2 < x/D <6. The fact that it predicts
extremely small Nusselt numbers both at the
entrance and in the limit of large x further
reflects the absence of generality ; that is, there is
no basis for assuming the correlation to be

Skrivan correlation in the region 2 < x/D < 6
shows again the importance of entrance effects.

The aforementioned correlations and the
numerical data are shown in Fig. 13 for a field-
free flow characterized by an entrance mean
temperature of 14000°K. Since this exceeds by a
factor of two the experimental conditions for
which the Skrivan and Johnson correlations were
obtained, there is no reason to expect these
correlations to provide a valid representation of
the Nusselt number at this temperature. The
appreciable difference in results serves to further
illustrate the difficulty associated with obtaining
general heat-transfer correlations.



1656

CONCLUDING REMARKS
An equilibrium model has been formulated
for the laminar, field-free flow of a plasma in a
circular tube and solved numerically. Parametric
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hydrodynamic wall effects may be delineated as
follows:

1. The geometrical configuration immediately
upstream of the field-free region and therefore
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FIG. 13, Comparison of the Skrivan and Von Jaskowsky [7]
and Johnson et al. [8] experimental correlations with the
numerical data for Re, , = 300 and T, , = 14000°K.

studies have been performed to determine
general wall parameter correlations for an
argon gas. Further consideration of entrance
effects and a comparison of the computed wall
parameters with available data has led to several
conclusions concerning the extent to which
such correlations may be used to describe field-
free plasma flows.

The most important consequence of this
study is that, since a variety of factors influence
the wall shear and heat-transfer characteristics,
general, wall-parameter correlations, such as
apply for low and moderate temperature flows,
are nonexistent. Those factors which play an
important role in determining thermal and

the form of the velocity and temperature profiles
at the tube entrance strongly influence the down-
stream wall characteristics (Figs. 6, 7, 12, 13).
The person wishing to use an existing correlation
must therefore be careful to insure that the
entrance conditions associated with the cor-
relation are like the entrance conditions which
characterize his intended application. In effect,
this sensitivity to the form of the entrance profiles
restricts the generality of any wall parameter
correlations, obtained numerically, experiment-
ally, or otherwise.

2. Assuming the form of the entrance profiles
to be fixed, it is appropriate to question whether
a single heat transfer correlation may be used
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for more than one gas. Although the numerical
work of this study was restricted to argon, several
gases were considered independently inanumber
of the experimental studies [4, 5, 7, 8]. Although
Johnson [8] could not obtain a single correlation
which applied for A, He and N,, Cann [4]
obtained one correlation which adequately
described heat transfer effects in both A and He
plasmas. This correlation failed, however, to
describe conditions in NH, and H, plasmas [5].
Through the use of an appropriate thermal
conductivity ratio, however, Skrivan and Von
Jaskowsky [7] obtained a single heat transfer
correlation for A, N, and H, plasmas. General
correlations therefore appear possible to the
extent that, for entrance profiles of a prescribed
form, a single correlation may be derived which
applies to more than one gas. This would cer-
tainly be true for the monatomic gases, all of
which are characterized by a similar temperature
dependence for the thermodynamic and trans-
port properties.

3. On the basis of the results of Bahadori and
Soo [11], thermal nonequilibrium effects are
not expected to have any influence on efforts
to develop general friction factor correlations.
The insensitivity of hydrodynamic effects to
nonequilibrium conditions is further substanti-
ated by the excellent agreement between the
numerical results obtained by Bower [20],
using a single-fluid theory, and the friction factor
data acquired by Runstadler [19] for the
asymptotic region of a laminar constricted arc.
However, the considerable scatter in the numeri-
cal data of Fig. 9 about the correlation of equa-
tion (16) is perhaps indicative of the fact that, for
entrance profiles of the prescribed form, an
additional independent parameter is needed
to obtain a satisfactory correlation for the friction
factor. It appears that the local Reynolds number
and wall temperature ratio are insufficient.

4. Unlike the wall shear force, the heat transfer
is strongly influenced by the existence of a wall-
induced thermal non-equilibrium condition.
This fact has been brought out by the compari-
sons of this study as well as by the work of
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Bahadori and Soo [11] and Powers [24]. In fact,
the existence of a nonequilibrium condition
restricts the development of general heat transfer
correlations to much the same, if not a greater,
extent than the aforementioned geometry and
entrance effects. Presently, the manner in which
nonequilibrium phenomena affect wall heat
transfer is not clearly understood. The results of
this study suggest that the matter could be
clarified by obtaining heat-transfer data from an
experimental facility which provided entrance
conditions identical to those used in the present
numerical solution. Such an experimental pro-
gram has been initiated in this laboratory.
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POSSIBILITE DE CORRELATIONS DU PARAMETRE DE PAROI POUR DES
ECOULEMENTS INTERNES DE PLASMA SANS CHAMP

Résumé— Une théorie a fluide unique pour 'écoulement laminaire d’une plasma dans la région sans champ
d’un tube circulaire a été formulée et résolue numériquement. A I'aide d’études paramétriques postérieures,
des corrélations pour le coefficient de frottement et le nombre de Nusselt ont été obtenues en fonction de
paramétres indépendants évalués 3 la fois localement et & entrée du tube. On conclut, en considérant les
paramétres de paroi calculés avec les résultats disponibles, que des corrélations générales de parametres,
telles que celles qui s'appliquent aux écoulements & températures basses et modérées, ne peuvent pas etre
obtenues pour des écoulements de plasma sans champ. Que ces corrélations soient obtenues & partir de
considérations numériques et expérimentales, elles sont reliées si étroitement aux effets géométriques et
d'entrée qu'elles ont peu ou aucune applicabilité générale.

Zusammenfassung— Fiir die Laminarstromung eines Plasmas im feldfreien Bereich eines Kreisrohres
wurde eine Einkompenetentheorie formuliert und numerisch gelost. Durch daran anschliessende Para-
meterstudien konnten Bezichungen fiir den Reibungsbeiwert und die Nusseltzahl in Abhéngigkeit von
unabhéngigen Parametern gefunden werden, die sowohl lokal als auch am Rohreintritt ermittelt wurden.
Aus ciner Betrachtung von Eintritts- und Nichtgleichgewichtseinfliissen, ebenso wie aus einem Vergleich
der berechneten Wandparameter mit verfiigbaren Messungen, wird geschlossen, dass allgemeine Wand-
parameterbezichungen fiir Strémungen mit niedrigen und mittleren Temperaturen fiir feldfreie Plasmastrs-
mungen nicht erhalten werden kdnnen. Gleichgiiltig. ob diese Beziehungen aus numerischen oder experi-
‘mentellen Betrachtungen entwickelt werden, sind sie so eng mit Geometrie und Eintrittseinfliissen ver-
bunden, dass sie wenig oder keine allgemeine Anwendbarkeit besitzen.

AHHOTAIUA—D 1PN OIHOMUAKOCTHOH Mofexn cPOPMYIHPORAHA 1 HICIeHHO
pelfieHa 3ajava JaMHHADHOrO TeHYeHUs MIasMel B cBOGORHON o1 noga ofjactir KoIBIEBOH
Tpyhipl. C HOMOUIBI0 TOCIEXVIOMUIX HAaPaMeTPUdeCKX HCCAeT0BaHIi OIYYeHEl KopPesait
ros®durmenTa Tpeuus u kpurepus HyccembTa ¢ MCHONB30BAHMEM HEZABHCUMHX HHCEI,
OTHECEHHHX KAK K JIOKRILHEIM MAPAMETPAM, TAK I K napaMeTpaM Ha Bxone B Tpyhy. G y4eron
s(pPexToB HA BXOMe N HePABHOBECHHIX d(QQerTOB, 4 TaKKe M3 CPABHEHMA PACCHMTAHHBIX
NAPAMETPOB V CTEHKH HMEOLWMMHUCA TAHHEIMH CIeNlaH BRIBOJ, YTO 0GOCIIEHUA, OTHECEHHBIE
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K IapaMeTpaM y CTeHKH, NPMMEeHUMHE [JIA TeYeHUuM MPM HUSKUX M CPeJHAX TeMIeparypax,
Heqb3d MOJYYUTH NIA CBOGOAHBIX OT IOJA TeueHMNt miaasMbl. Eciau Takue KOppenAIiUH
MOJIYYeHBl MyTeM YHCIeHHBIX pelrenuit nam o6oOmeHuit, sKCIepUMEeHTAIbHEE JaHHEE TeCHO
cBA3aHBL ¢ reoMerpuueckumu sddexramu u sddeKTaMn Ha BXOfe, YTO NX HEAb3H PaCIpPOCTpa-
HUTHL HA Gostee oumni caydall MM e MOMKHO OTO CHeJaTh B BeCbMa OrPAHMYEHHON CTENeHH.



